Abstract. The scaled boundary finite element method (SBFEM) has achieved remarkable success in structural mechanics and fluid mechanics, combing the advantage of both FEM and BEM. Most of the previous works focus on linear problems, in which superposition principle is applicable. However, many physical problems in the real world are nonlinear and are described by nonlinear equations, challenging the application of the existing SBFEM model. A popular idea to solve a nonlinear problem is decomposing the nonlinear equation to a number of linear equations, and then solves them individually. In this paper, second-order wave diffraction by a circular cylinder is solved by SBFEM. By splitting the forcing term into two parts, the physical problem is described as two second-order boundary-value problems with different asymptotic behaviour at infinity. Expressing the velocity potentials as a series of depth-eigenfunctions, both of the 3D boundary-value problems are decomposed to a number of 2D boundary-value sub-problems, which are solved semi-analytically by SBFEM. Only the cylinder boundary is discretised with 1D curved finite-elements on the circumference of the cylinder, while the radial differential equation is solved completely analytically. The method can be extended to solve more complex wave-structure interaction problems resulting in direct engineering applications.
Introduction
Recently, a new semi-analytical method, namely scaled boundary finite element method has been successfully applied to many engineering problems, combining the advantages of both finite element method (FEM) and boundary element method (BEM) [10] . The method only discretises the body boundary surface with finite elements, then transforms the governing partial differential equations to ordinary matrix differential equations in radial direction which are solved analytically. The method solves the problems of singularities more accurately and the problems of unbounded domains more efficiently compared to FEM. Unlike BEM, it does not require a fundamental solution and is free from the difficulties caused by irregular frequencies and sharp corners. Fewer elements are needed to obtain very accurate solution. SBFEM was first proposed to solve the problems in soil-structure interaction by Song and Wolf [6] , and later was applied to a variety of engineering fields. For example, Ekevid and Wiberg applied SBFEM and FEM to analyse wave propagation related to moving loads in railway engineering, demonstrating the performance of the method by presenting the dynamical response of a railroad section [2] [7] . However, most of the previous works focus on linear problems, in which superposition principle is applicable. In fact, many physical problems in the real world are nonlinear and are described by nonlinear equations, challenging the application of the existing SBFEM model. In this paper, second-order wave diffraction by a circular cylinder is solved by SBFEM. As an important attempt of the application of SBFEM in nonlinear dynamics, the method in this paper has a promising extension to solve more complex wave-structure interaction problems resulting in direct engineering applications.
Theoretical consideration

General governing equations
The governing equation of the wave diffracted by a circular cylinder is Laplace equation. By separating the variables in direction of the water depth, the governing equations to be solved are homogeneous Helmholtz equation and non-homogeneous Helmholtz equation. The equation can be expressed in a general form
where ∇ is the horizontal Laplacian, φ(x, y) is the velocity potential to be solved, k is the wave number, f is a known item, and Ω is the solution domain. Defining the Dirichlet boundary and Neumann boundary as Γ φ and Γ v respectively, we have
whereφ n is the prescribed normal derivative of the velocity potential, the overbar denotes a prescribed value, and comma in the subscript designates the partial derivative with respect to the variable following the comma.
Scaled boundary finite-element transformation
The finite-element method requires the weighted residuals of the governing equation to be zero. Hence Eqs. (1), (2) and (3) are multiplied by a weighting function w and integrated over the solution domain and the boundary. Performing integration by parts, the resulting equation becomes
SBFEM defines the solution domain Ω by scaling a single piecewise-smooth curve S relative to a scaling centre (x 0 , y 0 ) (see Fig. 1 ). The circumferential coordinate s is anticlockwise along the curve S and the normalised radial coordinate ξ is a scaling factor, defined as 1 at curve S and 0 at the scaling centre. The whole solution domain Ω is in the range of ξ 0 ≤ ξ ≤ ξ 1 and s 0 ≤ s ≤ s 1 . The two straight sections s = s 0 and s = s 1 are called side-faces. They coincide, if the curve S is closed. For bounded domain, ξ 0 = 0 and ξ 1 = 1; whereas, for unbounded domain, ξ 0 = 1 and ξ 1 = ∞. Therefore the Cartesian coordinates are transformed to the scaled boundary coordinates ξ and s with the scaling equations By employing SBFEM, an approximate solution of φ is sought as
where N(s) is the shape function, the vector a(ξ) is analogous to the nodal values same as in FEM. By performing scaled boundary transformation, the final scaled boundary finite-element equations are
where
and the meaning of all the coefficients can be found in [7, 10] . In the present study, the side-faces coincide so that the flow across the side-faces is equal and opposite, thus the term F s (ξ) vanishes. Therefore, the final governing equation (9) is a homogeneous second-order ordinary matrix differential equation of rank m.
The solution of equation (9) for
where matrices T and H are related to the geometry coefficients and C is related to the boundary conditions. Fig. 2 ). The following notation have been used in the paper: Φ = total velocity potential, Φ I = velocity potential of incident wave, Φ S = velocity potential of scattered wave, k = total wave number, ω = wave frequency, h = water depth, A = amplitude of incident wave, a = cylinder radius, t = time, ρ = mass density of water, and g = gravitational acceleration. Assuming the fluid to be inviscid, incompressible and the flow to be irrotational, the fluid motion can be described by potential flow theory. The velocity potential of the first order incident wave is [4] 
Wave diffraction
in Ω.
The first order solution of the diffraction wave was given by [8] 
where the vector a S 1 (ξ) is analogous to the nodal values of the velocity potential of the scattered wave, T is a matrix related to the coefficient matrices of the discretisation, H h is a matrix related to the Hankel functions of the first kind,v S 1 is the vector of nodal normal velocity of the first-order scattered wave on the body boundary.
The second-order problem
At the second order, O( 2 ), the velocity potential Φ 2 satisfies [5]
subject to the bottom condition 
and combined free surface boundary condition
Eq. (17) can be simplified as
where the forcing function W is
with
where η 1 is the first order elevation without the time component.
The second-order forcing
The forcing term W can be split into two parts,
represents the self-interaction of the progressive incident wave, and
being the cross-interaction between incident and scattered waves, and
the self-interaction of the scattered wave. For plane incident waves, I can be explicitly expressed as
η I 1 and η S 1 can be expressed for short as where
with α m = −J m (ka)/H m (ka). J m and H m are the Bessel function of the first kind and the Hankel function of the first kind respectively. The quadratic products of η I 1 and η S 1 can be written in an abbreviation form
Therefore, S can be expressed as a Fourier series
(31) where m = 2 for m ≥ 1, and 0 = 1.
Second-order Boundary-value problem
The second-order wave potential can be decomposed as
where Φ II 2 and Φ SS 2 represent the responses to I and S respectively. Both of Φ II 2 and Φ SS 2 satisfy governing equation (14), bottom condition (15) and body condition (16). They also satisfy the following specific free surface boundary conditions respectively
and suitable radiation conditions at infinity.
Response to
where φ I 2 is the second-order component of the incoming wave and φ IS 2 is the diffracted wave corresponding to φ I 2 . Both of them satisfy governing equation (14), bottom condition (15). Additionally, φ I 2 only satisfies the inhomogeneous free surface condition (33). The solution is the second-order component of the incoming wave, written as 
where κ n is the nth positive real root of −4ω 2 = gκ n tan(κ n h)(n = 1, 2, 3 . . .), κ 0 = −iκ, 4ω 2 = gκ tanh(κh), and a n = 16ω 2 κ n sinh 2 (kh)
Thus (36) can be written in polar coordinate as
The part φ IS 2 satisfies the homogeneous free-surface condition but the inhomogeneous condition on the cylinder ∂φ IS
So it can be regarded as a free wave radiating energy to infinity. The solution of φ IS 2 can be sought as 
where C 1 is determined by boundary conditions.
Response to S Φ SS
2 can also be expressed as a series of depth-eigenfunctions for frequency 2ω [1] ,
Define f n = cos κ n (z + h) and employ Green's formula, we have
Using the orthogonality of f n , we obtain
The solution of equation (46) can be formulated as
where C 2 (ξ) is a function of the radial coordinate ξ and is determined by boundary conditions. 
